
 

 

DESIGN AND ANALYSIS OF ALGORITHM 

UNIT – I 
INTRODUCTION 

 

Informal Definition: 
An Algorithm is any well-defined computational procedure that takes some value 

or set of values as Input and produces a set of values or some value as output. Thus algorithm is 

a sequence of computational steps that transforms the i/p into the o/p. 
 

Formal Definition: 
An Algorithm is a finite set of instructions that, if followed, accomplishes a 

particular task. In addition, all algorithms should satisfy the following criteria.  

 
1. INPUT  Zero or more quantities are externally supplied. 
2. OUTPUT  At least one quantity is produced. 

3. DEFINITENESS  Each instruction is clear and unambiguous. 
4. FINITENESS  If we trace out the instructions of an algorithm, then for all cases, the 

algorithm terminates after a finite number of steps.  
5. EFFECTIVENESS  Every instruction must very basic so that it can be carried out, in 

principle, by a person using only pencil & paper. 

 

1.FUNDAMENTALS OF ALGORITHMIC PROBLEM SOLVING  

  

 Algorithms are  procedural  solutions  to  problems. These solutions  are  not  answers  but 

specific instructions for getting answers. 

 The following diagram briefly illustrates the sequence of steps one typically goes through in 

designing and analyzing an algorithm. 

 It includes   the  following  sequence  of steps: 

 Understanding the problem 

 Deciding on: Computational means, Exact vs. approximate problem solving, data 

structure(s), Algorithm design techniques. 

 Design an algorithm 

 Prove correctness 

 Analyze the algorithm 

 Code  the algorithm 



 

 

                         
 
 Understanding the problem  

   Before designing an algorithm the most important thing is to understand the problem given.  

   Asking questions, doing a few examples by hand, thinking about special cases, etc.  

   An Input to an algorithm specifies an instance of the problem the algorithm that it solves.  

  Important to specify exactly the range of  instances  the  algorithm  needs  to  handle.  Else  it 

will work correctly for majority of inputs but crash on some ―boundary‖  value. 

 A correct algorithm is not one  that  works  most  of the  time,  but  one  that  works correctly 

for all legitimate inputs. 

 Ascertaining the capabilities of a computational device 

 After understanding need to ascertain the capabilities of the device. 

 The vast majority of algorithms in use today are still destined to be programmed for a 

computer closely resembling the von Neumann machine—a computer architecture. 

 Von Neumann architectures are sequential and the algorithms implemented on  them  are 



 

 

called sequential algorithms. 

 Algorithms which   designed to    be   executed    on   parallel  computers   called

parallel algorithms. 

 For very complex algorithms concentrate  on  a  machine with  high  speed  and  more 

memory where time is critical. 

 Choosing between exact and approximate problem solving 

 For exact result->exact algorithm 

 For approximate result->approximation algorithm. 

 Examples of exact algorithms: Obtaining square roots for numbers and solving  non- 

linear equations. 

 An approximation  algorithm  can be a part of a more  sophisticated  algorithm  that  

solves a problem exactly. 

 Deciding on appropriate data structures 

 Algorithms may or may not demand ingenuity in representing their inputs. 

 Inputs are represented using various data structures. 

 Algorithm + data structures=program. 

 Algorithm Design Techniques and Methods of Specifying an Algorithm 

 An  algori thm  design  technique  (or  ―strategy‖ or  ―paradigm‖)  is  a  general approach 

to solving problems algorithmically that is applicable to  a variety of problems  from 

different areas of computing. 

 The  different  algorithm  design  techniques  are:  brute  force   approach,   divide   and 

conquer, greedy method, decrease and conquer, dynamic programming, transform and 

conquer and back tracking. 

 

        Methods of specifying an algorithm: Using natural language, in this method ambiguity 

problem will be there. 

 The next 2 options are : pseudo code and flowchart. 

 Pseudo code: mix of natural and programming language. More precise than NL 

 Flow chart: method of expressing an algorithm by collection of

connected geometric shapes containing descriptions of the algorithm‗s steps. 

 This representation technique has proved to be inconvenient for large problems. 

 The state of the art of computing has not yet reached a point where an algorithm‗s 



 

 

description—be it in a natural language or pseudo code—can be fed into an electronic 

computer directly.  Instead,  it  needs  to  be  converted  into  a  computer  program  written  

in a particular computer language. 

 Hence program as  yet  another  way  of  specifying  the  algorithm,  although  it  is  preferable 

to consider it as the algorithm‗s implementation. 

 Proving an Algorithm’s Correctness 

 After specifying an algorithm we have to prove its correctness. 

 The correctness is to prove that the algorithm yields  a  required  result  for  every  legitimate 

input in a finite amount of time. 

 For example, the correctness of Euclid‗s algorithm  for  computing  the  greatest  common 

divisor stems from the correctness of the  equality  gcd(m,  n)  =  gcd(n,  m  mod  n),  the 

simple observation  that the  second  integer  gets smaller  on  every  iteration  of  the 

algorithm, and the fact that the algorithm stops when the second integer becomes 0. 

 For some algorithms, a proof of correctness is quite easy; for  others,  it  can  be  quite 

complex. 

 A common technique for proving correctness is to use mathematical induction. 

 Proof by mathematical induction is most appropriate for proving the correctness of an 

algorithm. 

 Analyzing an algorithm 

 After correctness, efficiency has to be estimated. 

 Time efficiency and space efficiency. 

 Time: how fast the algorithm runs? 

 Space: how much extra memory the algorithm needs? 

 Simplicity:  how  simpler  it  is  compared  to  existing  algorithms.   Sometimes   simpler 

algorithms are  also more   efficient   than  more   complicated   alternatives.   Unfortunately,   it 

is not always true, in which case a judicious compromise needs to be made. 

 

    Generality: Generality of the problem the algorithm solves and the set of inputs it 

accepts. 

 If not satisfied with these three properties it is necessary to redesign the algorithm. 
 

 



 

 

 Code the algorithm 

 Writing program by using programming language. 

 Selection of programming language should support the features mentioned in the design 

phase. 

 Program testing: If the inputs to algorithms belong to the specified sets then require no 

verification. But while implementing  algorithms  as  programs to be used in actual 

applications, it is required to provide such verifications. 

 Documentation of the algorithm is also important. 

 

 
2. ALGORITHM SPECIFICATION: 

 

Algorithm can be described in three ways. 
 

1. Natural language like English: 

        When this way is choose care should be taken, we  should ensure that each & every 
statement is definite. 

 

2. Graphic representation called flowchart: 

is small& simple. 

 

This method will work well when the algorithm 

3. Pseudo-code Method: 
In this method, we should typically describe algorithms as program,  

which resembles language like Pascal & algol.  
 

 
 



 

 

 

Pseudo-Code Conventions: 

 

1. Comments begin with // and continue until the end of line. 

 
2. Blocks are indicated with matching braces {and}. 

 
3. An identifier begins with a letter. The data types of variables are not explicitly declared. 

 
4. Compound data types can be formed with records. Here is an example, 

Node. Record 

{ 
data type – 1 data-1; 

. 

. 

. 
data type – n data – n; 

node * link; 
} 

 

Here link is a pointer to the record type node. Individual data items of a record 

can be accessed with  and period. 
 

5. Assignment of values to variables is done using the assignment statement. 
<Variable>:= <expression>; 

 

6. There are two Boolean values TRUE and FALSE. 

 
 Logical Operators AND, OR, NOT 

Relational Operators   <, <=,>,>=, =, != 
 

7. The following looping statements are employed. 
 

For, while and repeat-until 

While Loop: 
While < condition > do 

{ 
<statement-1> 

. 

. 

. 

 

<statement-n> 
} 

 
For Loop: 



 

 

For variable: = value-1 to value-2 step step do 
 

{ 
<statement-1> 

. 

. 

. 

<statement-n> 
} 
repeat-until: 

 

repeat 

<statement-1> 
. 

. 

. 

<statement-n> 
until<condition> 

 
8. A conditional statement has the following forms. 

 
 If <condition> then <statement> 

 If <condition> then <statement-1> 
Else <statement-1> 

 

Case statement: 

 

Case  
{ 

 

 
 

 
 

} 

 
 

: <condition-1> : <statement-1> 
. 

. 

. 

: <condition-n> : <statement-n> 
: else : <statement-n+1> 

 

9. Input and output are done using the instructions read & write. 
 

10.  There is only one type of procedure: 
Algorithm, the heading takes the form, 

 
Algorithm Name (Parameter lists) 

 

 As an example, the following algorithm fields & returns the maximum of ‗n‘ given 
numbers: 



 

 

 

1.  algorithm Max(A,n) 

2.  // A is an array of size n 
3. { 
4. Result := A[1]; 

5. for I:= 2 to n do 
6. if A[I] > Result then 

7. Result :=A[I]; 
8. return Result; 
9. } 

 
 

In this algorithm (named Max), A & n are procedure parameters. Result & I are Local 
variables. 

 

 Next we present 2 examples to illustrate the process of translation problem into an 
algorithm. 

 
Selection Sort: 

 

 Suppose we Must devise an algorithm that sorts a collection of n>=1 elements of 
arbitrary type. 

 

 A Simple solution given by the following. 

 

 ( From those elements that are currently unsorted ,find the smallest & place it next 
in the sorted list.) 

 
Algorithm: 

 

1. For i:= 1 to n do 
2. { 

3. Examine a[I] to a[n] and suppose the smallest element is at a[j]; 
4. Interchange a[I] and a[j]; 
5. } 

 
 Finding the smallest element (sat a[j]) and interchanging it with a[ i ] 

 We can solve the latter problem using the code, 

t := a[i]; 
a[i]:=a[j]; 

a[j]:=t; 



 

 

. 

. 

. 

 The first subtask can be solved by assuming the minimum is a[ I ];checking a[I] 
with a[I+1],a[I+2]…….,and whenever a smaller element is found, regarding it as 
the new minimum. a[n] is compared with the current minimum. 

 

 Putting all these observations together, we get the algorithm Selection sort. 

 
 

Recursive Algorithms: 

 

 A Recursive function is a function that is defined in terms of itself. 

 Similarly, an algorithm is said to be recursive if the same algorithm is invoked in 
the body. 

 An algorithm that calls itself is Direct Recursive. 

 Algorithm ‗A‘ is said to be Indirect Recursive if it calls another algorithm which 

in turns calls ‗A‘. 

 The Recursive mechanism, are externally powerful, but even more importantly, 

many times they can express an otherwise complex process very clearly. Or these 
reasons we introduce recursion here. 

 The following 2 examples show how to develop a recursive algorithms. 
 

 In the first, we consider the Towers of Hanoi problem, and in the 
second, we generate all possible permutations of a list of characters.  

 

1. Towers of Hanoi: 

 

 

Tower A Tower B Tower C 

 
 

 It is Fashioned after the ancient tower of Brahma ritual. 

 According to legend, at the time the world was created, there was a diamond tower 

(labeled A) with 64 golden disks. 

 The disks were of decreasing size and were stacked on the tower in decreasing order of 

size bottom to top. 

 Besides these tower there were two other diamond towers(labeled B & C) 

 Since the time of creation, Brehman priests have been attempting to move the disks from 

tower A to tower B using tower C, for intermediate storage. 



 

 

 As the disks are very heavy, they can be moved only one at a time. 

 In addition, at no time can a disk be on top of a smaller disk. 

 According to legend, the world will come to an end when the priest have 

completed this task. 

 A very elegant solution results from the use of recursion. 

 Assume that the number of disks is ‗n‘. 

  To get the largest disk to the bottom of tower B, we move the remaining ‗n-1‘ 
disks to tower C and then move the largest to tower B. 

 Now we are left with the tasks of moving the disks from tower C to  B. 

 To do this, we have tower A and B available. 

 The fact, that towers B has a disk on it can be ignored as the disks larger than the 
disks being moved from tower C and so any disk scan be placed on top of it. 

 

Algorithm: 

 

1. Algorithm TowersofHanoi(n,x,y,z) 

2. //Move the top ‗n‘ disks from tower x to tower y. 
3. { 

 

. 

. 

. 

 

4.if(n>=1) then 

5. { 
6. TowersofHanoi(n-1,x,z,y); 
7. Write(―move top disk from tower ― X ,‖to top of tower ― ,Y); 

8. Towersofhanoi(n-1,z,y,x); 
9. } 

10. } 
 

2.TIME SPACE TRADEOFF 

 

1. Space Complexity: 
The space complexity of an algorithm is the amount of money it needs to run 

to compilation. 
 

2. Time Complexity: 
The time complexity of an algorithm is the amount of computer time it needs 

to run to compilation. 
 

Space Complexity: 

 

Space Complexity Example: 
Algorithm abc(a,b,c) 

{ 
return a+b++*c+(a+b-c)/(a+b) +4.0; 



 

 

} 

 

 The Space needed by each of these algorithms is seen to be the sum of the following 
component. 

 

1.A fixed part that is independent of the characteristics (eg:number,size)of the inputs and 
outputs. 

The part typically includes the instruction space (ie. Space for the code), space for simple 
variable and fixed-size component variables (also called aggregate) space for constants, and 
so on. 

 
2. A variable part that consists of the space needed by component variables whose size is 

dependent on the particular problem instance being solved, the space needed by 
referenced variables (to the extent that is depends on instance characteristics), and the 
recursion stack space. 

 

 The space requirement s(p) of any algorithm p may therefore be written as, 

S(P) = c+ Sp(Instance characteristics) 
Where ‗c‘ is a constant.  

 

Example 2: 

 

Algorithm sum(a,n) 

{ 
s=0.0; 

for I=1 to n do 
s= s+a[I]; 
return s; 

} 
 

 The problem instances for this algorithm are characterized by n,the number of 
elements to be summed. The space needed d by ‗n‘ is one word, since it is of 
type integer. 

 The space needed by ‗a‘a is the space needed by variables of tyepe array of 

floating point numbers. 

 This is atleast ‗n‘ words, since ‗a‘ must be large enough to hold the ‗n‘ 

elements to be summed. 

  So,we obtain Ssum(n)>=(n+s) 

[ n for a[],one each for n,I a& s] 
 

Time Complexity: 

 

The time T(p) taken by a program P is the sum of the compile time and the 

run time(execution time) 
 

The compile time does not depend on the instance characteristics. Also we may 

assume that a compiled program will be run several times without recompilation .This 



 

 

rum time is denoted by tp(instance characteristics).  
 

 The number of steps any problem statemn t is assigned depends on the kind of 
statement. 

 
For example, comments  0 steps. 
Assignment statements  1 steps. 

[Which does not involve any calls to other algorithms] 
 

Interactive statement such as for, while & repeat-until Control part of the statement. 

 

1. We introduce a variable, count into the program statement to increment count with 
initial value 0.Statement to increment count by the appropriate amount are introduced 

into the program. 
This is done so that each time a statement in the original program is executes 

count is incremented by the step count of that statement. 
 

Algorithm: 

 

Algorithm sum(a,n) 
{ 

s= 0.0; 
count = count+1; 
for I=1 to n do 

{ 
count =count+1; 

s=s+a[I]; 
count=count+1; 
} 

count=count+1; 
count=count+1; 

return s; 
} 

 

 If the count is zero to start with, then it will be 2n+3 on termination. So each  
invocation of sum execute a total of 2n+3 steps. 

 
2. The second method to determine the step count of an algorithm is to build a 

table in which we list the total number of steps contributes by each statement. 
 

First determine the number of steps per execution (s/e) of the statement and the 

total number of times (ie., frequency) each statement is executed.  
By combining these two quantities, the total contribution of all statements, the 

step count for the entire algorithm is obtained.  



 

 

 

Statement S/e Frequency Total 

1. Algorithm Sum(a,n) 
2.{ 

3. S=0.0; 
4. for I=1 to n do 

5. s=s+a[I]; 
6. return s; 
7. } 

0 
0 
1 

1 
1 

1 
0 

- 
- 
1 

n+1 
n 

1 
- 

0 
0 
1 

n+1 
n 

1 
0 

Total   2n+3 

 

 

AVERAGE –CASE ANALYSIS 

 

 Most of the time, average-case analysis are performed under the more or less realistic 
assumption that all instances of any given size are equally likely. 

 For sorting problems, it is simple to assume also that all the elements to be sorted are 

distinct. 

 Suppose we have ‗n‘ distinct elements to sort by insertion and all n! permutation of 

these elements are equally likely. 

 To determine the time taken on a average by the algorithm ,we could add the times 
required to sort each of the possible permutations ,and then divide by n! the answer 

thus obtained. 

 An alternative approach, easier in this case is to analyze directly the time required by 
the algorithm, reasoning probabilistically as we proceed. 

 For any I,2  In, consider the sub array, T[1….i]. 

 The partial rank of T[I] is defined as the position it would occupy if the sub array 
were sorted. 

 For Example, the partial rank of T[4] in [3,6,2,5,1,7,4] in 3 because T[1….4] once 
sorted is [2,3,5,6]. 

 Clearly the partial rank of T[I] does not depend on the order of the element in 

 Sub array T[1…I-1]. 
 

Analysis 

 

Best case: 

This analysis constrains on the input, other than size. Resulting in the fasters possible run time  
 

Worst case: 
This analysis constrains on the input, other than size. Resulting in the fasters 

possible run time 

 

 



 

 

Average case: 

This type of analysis results in average running time over every type of input.  
 

Complexity: 
Complexity refers to the rate at which the storage time grows as a function of the 

problem size 
 

3. ASYMPTOTIC ANALYSIS: 

 

Expressing the complexity in term of its relationship to know function.  
This type analysis is called asymptotic analysis.  

 

Asymptotic notation: 

 

Big ‘oh’: the function f(n)=O(g(n)) iff there exist positive constants c and no such that 

f(n)≤c*g(n) for all n, n ≥ no. 
 

Omega: the function f(n)=Ω(g(n)) iff there exist positive constants c and no such that f(n) ≥ 

c*g(n) for all n, n ≥ no.  

 
Theta: the function f(n)=ө(g(n)) iff there exist positive constants c1,c2 and no such that c1 g(n)  

≤ f(n) ≤ c2 g(n) for all n, n ≥ no. 
 

Big‗Oh‘Notation(O)  
 O(g(n)) = { f(n) : there exist positive constants c and n0 such that 0 ≤ f(n) ≤ cg(n) for all n ≥ 
n0 } It is the upper bound of any function.  

 Hence it denotes the worse case complexity of any algorithm. We can represent it graphically as 
      

 
 
 
Find the Big ‗Oh‗ for the following functions:  

Linear Functions Example  
 f(n) = 3n + 2  

General form is f(n) ≤ cg(n) 
 When n ≥ 2,  
3n + 2 ≤ 3n + n = 4n  

Hence f(n) = O(n), here c = 4 and n0 = 2  



 

 

When n ≥ 1,  
3n + 2 ≤ 3n + 2n = 5n 

 
 Hence f(n) = O(n), here c = 5 and n0 = 1  

Hence we can have different c,n0 pairs satisfying for a given function.  
 
Quadratic Functions Example  

  
f(n) = 10n2 + 4n + 2  

When n ≥ 2, 10n2 + 4n + 2 ≤ 10n2 + 5n When n ≥ 5,  
 5n ≤ n2 ,  
10n2 + 4n + 2 ≤ 10n2 + n 2 = 11n 2  

Hence f(n) = O(n 2 ), here c = 11 and n0 = 5  
 

Example  
 f(n) = 1000n2 + 100n - 6  
f(n) ≤ 1000n2 + 100n for all values of n.  

When n ≥ 100, 5n ≤ n 2 ,  
f(n) ≤ 1000n2 + n 2 = 1001n2  

 Hence f(n) = O(n 2 ), here c = 1001 and n0 = 100  
 
Exponential Functions Example  

 

 f(n) = 6*2n + n 2  

When n ≥ 4, n 2 ≤ 2 n  
So    f(n) ≤ 6*2n + 2 n = 7*2 n  
Hence f(n) = O(2 n ), here c = 7 and n0 = 4  

Constant Functions  
 f(n) = 10 f(n) = O(1), because f(n) ≤ 10*1  

 
OMEGA NOTATION(Ω)  
 Ω (g(n)) = { f(n) : there exist positive constants c and n0 such that 0 ≤ cg(n) ≤ f(n) for all n ≥ 

n0 } 
 

 It is the lower bound of any function. Hence it denotes the best case complexity of any algorithm. 
We can represent it graphically as 
 



 

 

              
 

Example  

 f(n) = 3n + 2  

 3n + 2 > 3n for all n.  

Hence f(n) = Ω(n)  

Similarly we can solve all the examples specified under Big ‗Oh‗.  

 

THETA   NOTATION(Θ)  

 Θ(g(n)) = {f(n) : there exist positive constants c1,c2 and n0 such that c1g(n) ≤f(n) ≤c2g(n) for 
all n ≥ n0 } If f(n) = Θ(g(n)), all values of n right to n0 f(n) lies on or above c1g(n) and on or below 

c2g(n). Hence it is asymptotic tight bound for f(n).  

 

 
 

Little-O Notation 

 

  For non-negative functions, f(n) and g(n),  
f(n) is little o of g(n) if and only if f(n) = O(g(n)), but f(n) ≠ Θ(g(n)).  
This is denoted as "f(n) = o(g(n))".  

This represents a loose bounding version of Big O. g(n) bounds from the top, but it does not bound 
the bottom. 
 

 
 

 



 

 

 Little Omega Notation  

 

 For non-negative functions, f(n) and g(n), f(n) is little omega of g(n) if and only if f(n) = 
Ω(g(n)), but f(n) ≠ Θ(g(n)). This is denoted as "f(n) = ω(g(n))". Much like Little Oh, this is the 

equivalent for Big Omega. g(n) is a loose lower boundary of the function f(n); it bounds from the 
bottom, but not from the top. 
 

 
4.CONDITIONAL ASYMPTOTIC NOTATION 

 Many algorithms are easier to analyse if initially we restrict our attention to  
instances whose size satisfies a certain condition, such as being a power of 2.  
Let n be the size of the integers to be multiplied.  

 The algorithm proceeds directly if n = 1, which requires a microseconds for an 
appropriate constant a.  

If n>1, the algorithm proceeds by multiplying four pairs of 
integers of size three if we use the better algorithm).  
 Moreover, it takes a linear amount of time to carry out additional tasks. For simplicity, let us 

say that the additional 
work takes at most b/n microseconds for an appropriate constant b.  

 
 4.1 Properties of Big-Oh Notation 

 Generally, we use asymptotic notation as a convenient way to examine what can happen in  

a function in the worst case or in the best case. For example, if you want to write a function 
that searches through an array of numbers and returns the smallest one : 

       function find-min(array a[1..n]) 
let j := 
for i := 1 to n: 

j := min(j, a[i]) 
repeat 

return j 
end 
Regardless of how big or small the array is, every time we run find-min, we have to 

initialize the i and j integer variables and return j at the end. Therefore, we can just think of 
those parts of the function as constant and ignore them.  

So, how can we use asymptotic notation to discuss the find-min function?  
If we search through an array with 87 elements, then the for loop iterates 87 times, even if the very 
first element we hit turns out to be the minimum. Likewise, for n elements, the for loop iterates  

n times. Therefore we say the function runs in time O(n).  
 

function find-min-plus-max(array a[1..n]) 
// First, find the smallest element in the array 
let j := ; 

for i := 1 to n: 
j := min(j, a[i]) 

repeat 
let minim := j 
// Now, find the biggest element, add it to the smallest and 

j := ; 



 

 

for i := 1 to n: 
j := max(j, a[i]) 

repeat 
let maxim := j 

// return the sum of the two 
return minim + maxim; 
end 

 
   

4.2  Removing Condition Is Done From The Conditional Asymptotic Notation 

   Many algorithms are easier to analyze if initially we restrict our attention to instances 
whose size satisfies a certain condition, such as being a power of 2. Consider, for  

example, the divide and conquer algorithm for multiplying large integers that we saw 
in the Introduction. Let n be the size of the integers to be multiplied.  

  The algorithm proceeds directly if n = 1, which requires a microseconds for an 
appropriate constant a. If n>1, the algorithm proceeds by multiplying four pairs of 
integers of size n/2 (or three if we use the better algorithm).  

  Moreover, it takes a linear amount of time to carry out additional tasks. For 
simplicity, let us say that the additional work takes at most bn microseconds for an 

appropriate constant b. 
 
REMOVING CONDITIONS FROM CONDITIONAL ASYMPTOTIC NOTATIONS  

 

  Temporal comparison is not the only issue in algorithms. There are space issues as well. 

Generally, a tradeoff between time and space is noticed in algorithms. Asymptotic 
notation empowers you to make that trade off.  
  If you think of the amount of time and space your algorithm uses as a function of your 

data over time or space (time and space are usually analyzed separately), you can 
analyze how the time and space is handled when you introduce more data to your  

program. 
  This is important in data structures because you want a structure that behaves efficiently 
as you increase the amount of data it handles. Keep in mind though those algorithms 

that are efficient with large amounts of data are not always simple and efficient for small  
amounts of data. 

  So if you know you are working with only a small amount of data and you have concerns 
for speed and code space, a trade off can be made for a function that does not behave 
well for large amounts of data.  

A few examples of asymptotic notation 
Generally, we use asymptotic notation as a convenient way to examine what can happen in a  

function in the worst case or in the best case. For example, if you want to write a function that 
searches through an array of numbers and returns the smallest one: 
function find-min(array a[1..n]) 

let j := 
for i := 1 to n: 

j := min(j, a[i]) 
repeat 
return j 

end 



 

 

  Regardless of how big or small the array is, every time we run find-min, we have to 
initialize the i and j integer variables and return j at the end. Therefore, we can just think  

of those parts of the function as constant and ignore them.  
  So, how can we use asymptotic notation to discuss the find-min function? If we search 

through an array with 87 elements, then the for loop iterates 87 times, even if the very 
first element we hit turns out to be the minimum. Likewise, for elements, the for loop  
iterates times. Therefore we say the function runs in time . 

What about this function: 
function find-min-plus-max(array a[1..n]) 

// First, find the smallest element in the array 
let j := ; 
for i := 1 to n: 

j := min(j, a[i]) 
repeat 

let minim := j 
// Now, find the biggest element, add it to the smallest and 
j := ; 

for i := 1 to n: 
j := max(j, a[i]) 

repeat 
let maxim := j 
// return the sum of the two 

return minim + maxim; 
end. 

 

5. RECURSION: 

 

Recursion may have the following definitions: 

-The nested repetition of identical algorithm is recursion.  
-It is a technique of defining an object/process by itself.  

-Recursion is a process by which a function calls itself repeatedly until some specified condition 
has been satisfied. 

 

When to use recursion: 

 

Recursion can be used for repetitive computations in which each action is stated in terms 

of previous result. There are two conditions that must be satisfied by any recursive procedure.  
 

1. Each time a function calls itself it should get nearer to the solution. 
2. There must be a decision criterion for stopping the process. 

 
In making the decision about whether to write an algorithm in recursive or non-recursive form, it 

is always advisable to consider a tree structure for the problem. If the structure is simple then use 
non-recursive form. If the tree appears quite bushy, with little duplication of tasks, then recursion 
is suitable. 

 
The recursion algorithm for finding the factorial of a number is given below,  

 



 

 

Algorithm : factorial- recursion 
Input : n, the number whose factorial is to be found.  

Output : f, the factorial of n 
Method : if(n=0) 

f=1 
else 
f=factorial(n-1) * n 

if end 
algorithm ends. 

 
The general procedure for any recursive algorithm is as follows,  

 

1.  Save the parameters, local variables and return addresses. 

2.  If the termination criterion is reached perform final computation and goto step 3 
otherwise perform final computations and goto step 1  

 

 

3.  Restore the most recently saved parameters, local variable and return address and goto 
the latest return address. 

 
 

 
5.1  Iteration v/s Recursion: 

 

Demerits of recursive algorithms : 

 
1. Many programming languages do not support recursion; hence, recursive mathematical 

function is implemented using iterative methods. 
2. Even though mathematical functions can be easily implemented using recursion it is 

always at the cost of execution time and memory space. For example, the recursion tree 
for generating 6 numbers in a Fibonacci series generation is given in fig 2.5. A Fibonacc i 
series is of the form 0,1,1,2,3,5,8,13,…etc, where the third number is the sum o f 

preceding two numbers and so on. It can be noticed from the fig 2.5 that, f(n-2) is 
computed twice, f(n-3) is computed thrice, f(n-4) is computed 5 times. 

3. A recursive procedure can be called from within or outside itself and to ensure its proper 
functioning it has to save in some order the return addresses so that, a return to the proper 

location will result when the return to a calling statement is made. 



 

 

4. The recursive programs needs considerably more storage and will take more time. 
 

 
 

Demerits of iterative methods : 

 

 Mathematical functions such as factorial and Fibonacci series generation can be easily 

implemented using recursion than iteration. 

 In iterative techniques looping of statement is very much necessary. 

 
Recursion is a top down approach to problem solving. It divides the problem into pieces or 

selects out one key step, postponing the rest. 
Iteration is more of a bottom up approach. It begins with what is known and from this constructs 
the solution step by step. The iterative function obviously uses time that is O(n) where as 

recursive function has an exponential time complexity.  
It is always true that recursion can be replaced by iteration and stacks. It is also true that stack 

can be replaced by a recursive program with no stack. 
 

 

 

5.2    SOLVING RECURRENCES :-( Happen again (or) repeatedly) 
 

 The indispensable last step when analyzing an algorithm is often to solve a recurrence 
equation. 

 With a little experience and intention, most recurrence can be solved by intelligent 
guesswork. 

 However, there exists a powerful technique that can be used to solve certain classes of 

recurrence almost automatically. 

 This is a main topic of this section the technique of the characteristic equation. 

 
1.  Intelligent guess work: 

 

This approach generally proceeds in 4 stages.  
 

1.  Calculate the first few values of the recurrence 

2.  Look for regularity. 
3.  Guess a suitable general form. 



 

 

n T(n) 

1 
2 
22 

23 

24 

25 

1 
3 * 1 +2 

32 * 1 + 3 * 2 + 22
 

33 * 1 + 32 * 2 + 3 * 22 + 23
 

34 * 1 + 33 * 2 + 32 * 22 + 3 * 23 + 24
 

35 * 1 + 34 * 2 + 33 * 22 + 32 * 23 + 3 * 24 + 25
 

4.  And finally prove by mathematical induction(perhaps constructive induction). 

 
Then this form is correct.  

Consider the following recurrence,  
 
 

0 if n=0 
T(n) = 3T(n ÷ 2)+n otherwise 

 
 

 First step is to replace n ÷ 2 by n/2 

 It is tempting to restrict ‗n‘ to being ever since in that case n’2 = n/2, but recursively 

dividing an even no. by 2, may produce an odd no. larger than 1. 

 Therefore, it is a better idea to restrict ‗n‘ to being an exact power of 2. 

 First, we tabulate the value of the recurrence on the first few powers of 2. 

 

 

n 1 2 4 8 16 32 

T(n) 1 5 19 65 211 665 

 

* For instance, T(16) = 3 * T(8) +16 

= 3 * 65 +16 
= 211. 

 

* Instead of writing T(2) = 5, it is more 
useful to write T(2) = 3 * 1 +2. 

 

Then,  

T(A) = 3 * T(2) +4 
= 3 * (3 * 1 +2) +4 

= (32 * 1) + (3 * 2) +4 
 

 

* We continue in this way, writing ‗n‘ as an explicit power of 2.  

 

 



 

 

 

T(2k ) = 3k20 + 3k-121 + 3k-222+…+312k-1 + 302k. 

 

= ∑ 3k-i 2i 

 

= 3k ∑ (2/3)i 
 

= 3k * [(1 – (2/3)k + 1) / (1 – (2/3)] 

= 3k+1 – 2k+1 

 

 

5.3 Homogenous Recurrences : 

 

*  We begin our study of the technique of the characteristic equation with the resolution of 

homogenous linear recurrences with constant co-efficient, i.e the recurrences of the form, 
a0tn + a1tn-1 + ….. + aktn-k = 0 

 

where the ti are the values we are looking for.  

 

*  The values of ti on ‗K‘ values of i (Usually 0 ≤ i ≤ k-1 (or) 0 ≤ i ≤ k) are needed to 
determine the sequence. 

 
*  The initial condition will be considered later. 

 

*  The equation typically has infinitely many solution. 

 

*  The recurrence is, 
 linear because it does not contain terms of the form t n- i, t n-j, t

2
 n- i, 

and soon. 
 homogeneous because the linear combination of the t n- i is equal to zero. 
 With constant co-efficient because the ai are constants 

 

* Consider for instance our non familiar recurrence for the Fibonacci sequence, 

fn = f n-1 + f n-2 

 

* This recurrence easily fits the mould of equation after obvious rewriting. 

fn – f n-1 – f n-2 = 0 

 

* Therefore, the fibonacci sequence corresponds to a homogenous linear recurrence 

with constant co-efficient with k=2,a0=1&a1=a2 = -1. 

 

* In other words, if fn & gn satisfy equation. 

k 
So ∑ ai f n- i = 0 & similarly for gn & fn 

i=0 



 

 

 

We set tn = C fn + d gn for arbitrary constants C & d, then tn is also a solution to 

equation. 

 

* This is true because, 
a0tn + a1tn-1 + … + aktn-k 

= a0(C fn +d gn) + a1(C fn-1 + d gn-1) + …+ ak(C fn-k + d gn-k) 
= C(a0 fn + a1 fn-1 + … + ak fn-

k)+ d(a0 gn + a1 gn-1 + … + 

ak gn-k) 

= C * 0 + d * 0 
= 0. 

 

1) (Fibonacci) Consider the recurrence. 
 
 

fn = 
n if n=0 or n=1 

f n-1 + f n-2 otherwise 

We rewrite the recurrence as, 

fn – f n-1 – f n-2 = 0. 

 
The characteristic polynomial is, 

x2 – x – 1 = 0. 
 

The roots are, 
-(-1) ± √((-1)2 + 4) 

x = ------------------------ 
2 

 

1 ±√ (1 + 4) 
= --------------- 

2 
 

1 ± √5 

= ---------- 
2 

 

 
1 + √ 5 

r1 = --------
- 

 

and 

1 - √5 
r2 = --------- 

2  2 

 



 

 

 

 
 

when n=1, f1 = C1r1 + C2r2 
= 1 

 

C1  + C2 = 0  (1) 

C1r1  + C2r2 = 1  (2) 

 
From equation (1) 

 
C1 = -C2 

 

Substitute C1 in equation(2) 
-C2r1 + C2r2 = 

1 C2[r2 – r1] = 

1 
 

Substitute r1 and r2 values 

 

1 - √5 1 - √5 
C2 ----------------------------- = 1 

2 2 

1 – √5 – 1 – √5 
C2 ------------------------ = 1 

2 
 

-C2 * 2√5 

-------------- = 1 
2 

 

– √5C2 = 1 
 

C1 = 1/√5 C2 = -1/√5 

 

Thus, 
1 1 + √5   n -1 1 - √5 n 



 

 

2 2 

 
fn = ---- --------- + ---- -------- 

 √5 2  √5 2 

 

1 1 + √5 n 1 – √5
 n 

= ---- --------- - --------- 

 √5 2 2 

 

5.4  Inhomogeneous recurrence : 

 

* The solution of a linear recurrence with constant co-efficient becomes more difficult 
when the recurrence is not homogeneous, that is when the linear combination is not 
equal to zero. 

* Consider the following recurrence 

a0tn + a1 t n-1 + … + ak t n-k = b
n
 

p(n) 
* The left hand side is the same as before,(homogeneous) but on the right-hand side 

we have bnp(n), where, 
 b is a constant 

 p(n) is a polynomial in ‗n‘ of degree ‗d‘. 

 
Example(1) : 

 

Consider the recurrence, 

tn – 2t n-1 = 3
n
 

(A) 

In this case, b=3, p(n) = 1, degree = 0. 

The characteristic polynomial is,  

(x – 2)(x – 3) = 0 

The roots are, r1 = 2, r2 = 

3 The general solution, 

tn = C1r1n + C r 
n
 

tn = C12
n
 + C23

n
  (1) 

 

when n=0, C1 + C2 = t0  (2) 

when n=1, 2C1 + 3C2 = t1  (3) 

 

sub n=1 in eqn (A) 
t1 – 2t0 = 3 

t1 = 3 + 

2t0 
 



 

 

substitute t1 in eqn(3), 

 

(2) * 2  2C1 + 2C2 = 2t0 
2C1 + 3C2 = (3 + 2t0) 

------------------------------- 
-C2  = -3 
C2  = 3 

 

Sub C2 = 3 in eqn (2) 
C1 + C2 = 

t0 C1 + 3 = 

t0 C1 = t0 – 

3 
 

Therefore tn = (t0-3)2
n
 + 3. 3

n
 

= Max[O[(t0 – 3) 2
n
], O[3.3

n
]] 

= Max[O(2n), O(3n)] constants 
= O[3n] 

 

Change of variables: 
*  It is sometimes possible to solve more complicated recurrences by making a 

change of variable. 

*  In the following example, we write T(n) for the term of a general recurrences, 
and ti  for the term of a new recurrence obtained from the first by a change of variable. 

 
Example: (1) 

Consider the recurrence, 
 

 

T(n) = 
1 , if n=1 

 

3T(n/2) + n , if ‗n‘ is a power of 2, n>1  
 

 Reconsider the recurrence we solved by intelligent guesswork in the previous 

section, but only for the case when ‗n‘ is a power of 2  
 

 

T(n) = 
1 

 

3T(n/2) + n 



 

 

r 2 

2 

2 2 

 

* We replace ‗n‘ by 2i. 
* This is achieved by introducing new recurrence ti, define by ti = T(2

i
) 

* This transformation is useful because n/2 becomes (2i)/2 = 2 i-1 
* In other words, our original recurrence in which T(n) is defined as a function of 

T(n/2) given way to one in which ti is defined as a function of t i-1, precisely 
the type of recurrence we have learned to solve. 

ti = T(2
i
) = 3T(2 

i-1
) + 2

i
 

ti = 3t i-1 + 2
i
 

ti – 3t i-1 = 2
i
 (A) 

 

In this case, 
b = 2, p(n) = 1, degree = 0 

 
So, the characteristic equation, 

(x – 3)(x – 2) = 0 

 
The roots are, r1 = 3, r2 = 2. 

 

The general equation, 
tn = C1 r1i + C2 i 

sub. r1 & r2: tn = 3
n
C1 + C2 2

n
 

 

tn = C1 3
i
 + C2 2

i
 

 
We use the fact that, T(2

i
) = ti & thus T(n) = tlogn when n= 2

i
 to obtain, 

T(n) = C1. 3 
log

 
n
 + C2. 2

log
 
n
 

T(n) = C1 . n
log

 
3
 + C2.n [i = logn] 

When ‗n‘ is a power of 2, which is sufficient to conclude that,  

 

T(n) = O(n log3) ‘n’ is a power of  2 

2.  Range Transformation: 

 

* When we make a change of variable, we transform the domain of the  recurrence. 

* Instead it may be useful to transform the range to obtain a recurrence in a form 
that we know how to solve 

* Both transformation can be sometimes be used together. 

 

 

 

 

 

 

 



 

 

  6. ANALYSIS OF LINEAR SEARCH: 

 Linear Search, as the name implies is a searching algorithm which obtains its result by 

traversing a list of data items in a linear fashion.  

 It will start at the beginning of a list, and mosey on through until the desired element is found, 

or in some cases is not found.   

 The aspect of Linear Search which makes it inefficient in this respect is that if the element is 

not in the list it will have to go through the entire list. As you can imagine this can be quite 

cumbersome for lists of very large magnitude, keep this in mind as you contemplate how and where 

to implement this algorithm. 

  Of course conversely the best case for this would be that the element one is  

searching for is the first element of the list, this will be elaborated more so in the   Analysis & 

Conclusion 

Linear Search Steps: 

Step 1 - Does the item match the value I‟m looking for?  

Step 2 - If it does match return, you‟ve  found your item! 

Step 3 - If it does not match advance and repeat the process.  

Step 4 - Reached the end of the list and still no value found?  

Well obviously the item is not in the list!  

 Return -1 to signify you have not found your value.  

   As always, visual representations are a bit more clear and concise so let me present one  

for you now. Imagine you have a random assortment of integers for this list: 

Legend: 

- The key is blue 

- The current item is green. 

- Checked items are red 

  Ok so here is our number set, my lucky number happens to be 7 so let„s put this value  

as the key, or the value in which we hope Linear Search can find.  

 Notice the indexes of the array above each of the elements, meaning this has a size or length 

of 5. I digress 

let us look at the first term at position 0. The value held here 3, which is not equal to 7.  

We move on. 

--0 1 2 3 4 5 [ 3 2 5 1 7 0 ] 

So we hit position 0, on to position 1. The value 2 is held here. Hmm still not equal to 7. We 

march on. 

--0 1 2 3 4 5 [ 3 2 5 1 7 0 ] 

Position 2 is next on the list, and sadly holds a 5, still not the number we„re looking for.  

Again we move up one. --0 1 2 3 4 5 [ 3 2 5 1 7 0 ] 

Now at index 3 we have value 1. Nice try but no cigar let„s move forward yet again.  

--0 1 2 3 4 5 [ 3 2 5 1 7 0 ] 

Ah Ha! Position 4 is the one that has been harboring 7, we return the position in the array which 

holds 7 and exit. 

--0 1 2 3 4 5 [ 3 2 5 1 7 0 ] 

 As you can tell, the algorithm may work find for sets of small data but for incredibly large  

data sets I don't think I have to convince you any further that this would just be  

downright inefficient to use for exceeding large sets. Again keep in mind that Linear 



 

 

Search has its place and it is not meant to be perfect but to mold to your situation that  

requires a search. 

 Also note that if we were looking for let‘s say 4 in our list above (4 is not in the set) we 

would traverse through the entire list and exit empty handed. I intend to do a tutorial on 

 Binary Search which will give a much better solution to what we have here however it  

requires a special case. 

 

//linearSearch Function 

int linearSearch(int data[], int length, int val) 

 { 

for (int i = 0; i <= length; i++)  

{  

if (val == data[i])  

{ 

return i;  

}//end if 

}//end for 

return -1; //Value was not in the list 

 }//end linearSearch Function 

 

Analysis & Conclusion 

 

 As we have seen throughout this tutorial that Linear Search is certainly not the absolute 

best method for searching but do not let this taint your view on the algorithm itself. People  

are always attempting to better versions of current algorithms in an effort to make existing  

ones more efficient.  

 

Worst Case: 

The worst case for Linear Search is achieved if the element to be found is not in the list at all.  

This would entail the algorithm to traverse the entire list and return nothing. Thus the worst case  

running time is: O(n). 

 

Average Case: 

The average case is in short revealed by insinuating that the average element would be 

somewhere in the middle of the list or N/2. This does not change since we are dividing by a  

constant factor here, so again the average case would be: 

 O(n). 

 

Best Case: 

The best case can be a reached if the element to be found is the first one in the list. This would 

not have to do any traversing spare the first one giving this a constant time complexity is:  

 O (1). 


