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ABSTRACT
In this paper, we present the solution to the difference equation problem using
deconvolution method which provides numerical values to linear non homogeneous difference
equation. Convolution is a fundamental mathematical operation which takes two functions and
produces a third function that represents the amount of overlap between one of the functions and
a reversed and translated version of the other function .Similarly, the deconvolution techniques
have a great importance in solving different kinds of equations. .Deconvolution is the inversion
of convolution equation. This method can be implemented in many applications. Here we used
discrete convolution and deconvolution to obtain solution to the difference equations.
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1. INTRODUCTION

Convolution is a fundamental mathematical operation which takes two functions
and produces a third function that represents the amount of overlap between one of the functions
and a reversed and translated version of the other function [9]. Similarly, the deconvolution
techniques have a great importance in solving different kinds of equations. [2]. Deconvolution is
the inversion of convolution equation. This method can be implemented in many applications.
Here we used discrete convolution and deconvolution to obtain solution to the difference
equations.

Solving the difference equation using these concepts makes great interest. In section | we
discussed on the notation of discrete convolution and deconvolution of finite and infinite
sequences. In section Il we presented our main concepts which are the unique solution the
solution to the non homogeneous linear difference equation.
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Further we used these concepts to solve the numerical solution of initial value problem
and boundary value problem with suitable examples.
2. LINEAR DISCRETE CONVOLUTION AND DECONVOLUTION

Leta = (ag,a4,ay, - - a,) and b= (by by, by, ... ... b,,) are the finite sequence with
same number of elements. The discrete convolution of these sequences is given by

c=a *b=(cyCq1,Cq) e Cn) (D)
Where c is a finite sequence and defined as below
Co = Qo by

Cl = a1b0 +a0b1
........ @)

— n
Ck = Li=o An-ib;

Here a and c are known finite sequences with a, # 0, we can determine the finite sequence b
provided the condition (i) to be satisfied. This is known as deconvolution of the sequence c by

the sequence a.This was denoted by b = c/a 3)
The relations are defined as follows

by = co/ay

1
b, =— —a.b
1 aq (c; —ayby)

............ 4)
1 -
b =—(cr — iZ0 An-ibi)
0
Inverse of the finite sequence of a is given by a~! = §/a , such that
¢ _ —I
~=c*a )

We consider the infinite case with same definition, where n is arbitrary
Therefore

(ag,a;,asy, .. .. ap .) * (b by, by, . .. by ....)
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2.1 LINEAR DIFFERNCE EQUATION WITH CONSTANT COEFFICIENT
Consider the following non homogeneous linear difference equation

K 0 iUisn = by, n=12,... (6)
With the coefficients a, # 0 and we denote
a = (ay, a,,ay, ... a;,0,0..) =a=(aga;,ay, ... Ay et ) @)
suchthatk =0 if n>k
and b= (by by, by, e o by, o..) (8)
2.1.1 Theorem

The unique solution u = (ug, Uy, Uy, ... ... u,, ... ) of the equation (6) with the initial values
Ug, Uy, wor oee Uy_1 IS given by

u = ((ag, as,dz, . ... ap_1) * ((Ug, Uy, Uy, wer . Up_1),b) xa™t 9)
Proof

Let us denote ¢ = (cg, €1, Ca, wov - Cpponr) =Q *U (10)

Using convolution product, we get
Co = QoUp
Cl = aluO + a0u1

........ (12)

Therefore

Cc = (Co, C1,Cpy eenan Ck—l) = (ao, a;,as, ...... ak_l) * (uO,u1 yUg, v o uk_l) (12)
Changing the index i = j + k, and take ax,, = 0,n = 1,2, .... which implies

k+n

Cr4n = Z A +n-il;

i=o0

n
j=—k An—jUj+k

n
= Lj=0%%-jU+k

= bk n= 1,2, (13)
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Hence , the equations (12) and (13) gives
u=((ag,ay,az, .. Ap_1) * ((Ug, Uy, Usp, wen oo Up_1),b)
= (@gUp, Q1 Ug + Ao Uy, e o) Dbegy A1 Ui, Do by, by, wen e by, ... (14)
From (11) and (14) gives the solution to the non homogeneous linear difference equation (6)
The converse is also true
2.2 NUMERICAL PROBLEMS
EXAMPLE 2.2.1

The linear difference equation given by u,,,, — 2u,_; — 3u,, = n,n = 0,1,2, .... has the initial
conditions uy = u; = 1 has k = 3 witha = (1,-2,-3,0,0,...) and b = (0,1,2,...)

Solution
We know that
u = ((ag,ar) * (ug,uq),b)
= ((1,-2) »(1,1),b)
=(1,-1,0,1,2,3,..)

This results the sequence

c
u=—=(1151445,..)

Hence the solution
EXAMPLE 2.2.2
The boundary value problem formed by the difference equation
Upsp + Uy = by,n = 0,1,2, ... with b = (2,0,—2,0,2,0,—2,0, ...) has a = (1,0,1,0,1,0,1,0 ...)
anda~! = (1,0,—-1,0,1,0,—1,0...)
Solution

Consider

u=(001*xa)+u,.(1,00..)*a ' +u,.(0,1,00..)*xa?
= (0,0,2,0 — 4,0,6,0, ...) + Ug - (1,0,-1,0,1,0,-1,0,...) + u, .(0,1,0 — 1,0,1,0,—1...)
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Case L: Ifu; = 0,u, = -3,
Which givesu; = —u; =0 anduy, =1
Hence the boundary value problem has the unique solution
u = (1,0,1,0,—-3,0,5,0, ...)
Case 2: Ifu, = 1,u, = =3,
Fromu, =2—-uy,=1 andu, = -4+ uz; = -3

Weget up =1

Hence the boundary value problem has infinity of solution by the ralation

u=(1010-305,0,..)+u;.(010-1010,-1..)

Where u, is arbitrary
Case 2: Ifu, # 1,uy = -3,
Which gives both uy =1 and uy # 1
This leads to contradiction
Therefore it has no solution

CONCLUSION

The deconvolution method is applied for the initial value problems and for their
generalizations. We also arrived that how the discrete convolution and deconvolution, be used to
compute the numerical values of the solutions of the initial value problems for linear non-
homogeneous difference and with constant coefficients, through some solved examples.
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